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Â ðàáîòå ïîêàçàíà ýêâèâàëåíòíîñòü ïðèíöèïà ýêñòðåìóìà ïîëíîé ýíåð-
ãèè âðàùàþùåéñß íàìàãíè÷åííîé ãðàâèòèðóþùåé êîíôèãóðàöèè è
óðàâíåíèß ãèäðîñòàòè÷åñêîãî ðàâíîâåñèß â ôîðìå (14), (15).
The work shows the equivalency of the extremum total energy principle
of a rotating magnetized gravitating conﬁguration and the hydrostatic
equilibrium equation, demonstrated in (14), (15).
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Ââåäåíèå
Ìàòåìàòè÷åñêàß òåîðèß ôèãóð ðàâíîâåñèß âðàùàþùèõñß ðàâíîâåñíûõ ãðàâè-
òèðóþùèõ ñèñòåì ïðåäñòàâëßåòñß àêòóàëüíîé ïðåæäå âñåãî ñ åå çíà÷åíèåì äëß
àñòðîôèçèêè è êîñìîëîãèè.
Êëàññè÷åñêèì ïîäõîäîì ðåøåíèß äàííîé çàäà÷è ßâëßåòñß ðàçâèòèå ìåòîäîâ
èññëåäîâàíèß óðàâíåíèé ãèäðîñòàòè÷åñêîãî ðàâíîâåñèß ýòèõ êîíôèãóðàöèé [1, 2,
3].
Îäíèì èç âàæíåéøèõ ïðèìåíåíèé òåîðèè ôèãóð ðàâíîâåñèß ýòî ìîäåëè ïóëü-
ñàðîâ - áûñòðîâðàùàþùèõñß íåéòðîííûõ çâåçä ñ ñèëüíûì ìàãíèòíûì ïîëåì [3].
Ïîñêîëüêó ðàâíîâåñíûå íàìàãíè÷åííûå êîíôèãóðàöèè âîçìîæíû ëèøü ïðè
îïðåäåëåííîé ãåîìåòðèè âíóòðåííåãî ìàãíèòíîãî ïîëß, òî âîçíèêàåò íåïðîñòîé
âîïðîñ î ñïîñîáàõ ó÷åòà ìàãíèòíûõ ïîëåé â óðàâíåíèßõ, îïèñûâàþùèõ ýòè êîí-
ôèãóðàöèè. Äåëî â òîì, ÷òî ìàãíèòíûå íàòßæåíèß íå èìåþò ïîòåíöèàëüíîãî õà-
ðàêòåðà.
Íàìè â äàííîé ðàáîòå ïðåäëàãàåòñß ìàãíèòíûå íàòßæåíèß ó÷èòûâàòü âêëþ÷å-
íèåì ìàãíèòíîé ýíåðãèè Em â âûðàæåíèå ïîëíîé ýíåðãèè E êîíôèãóðàöèè.
Ïðèíöèï ýêñòðåìàëüíîñòè E ïîçâîëßåò ñâåñòè çàäà÷ó î ðàâíîâåñíûõ êîíôèãó-
ðàöèßõ ê ïîèñêó è èññëåäîâàíèþ õàðàêòåðà êðèòè÷åñêèõ òî÷åê, â êîòîðûõ ýòîò
ýêñòðåìóì èìååò ìåñòî.
Òåì ñàìûì âîçíèêàåò òî÷íî òàêàß æå ïîñòàíîâêà çàäà÷è, ÷òî è â ìàòåìàòè÷å-
ñêîé òåîðèè êàòàñòðîô [4, 5], êîòîðàß ßâëßåòñß îäíîé èç ìîùíûõ ñîâðåìåííûõ
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ìåòîäîâ èññëåäîâàíèß äèíàìèêè ñëîæíûõ ñèñòåì. Â íåé îñíîâíîå âíèìàíèå óäå-
ëßåòñß èññëåäîâàíèþ êðèòè÷åñêèõ òî÷åê ñèñòåì, èõ êëàññèôèêàöèè è ïîâåäåíèþ
ñèñòåì âáëèçè ýòèõ òî÷åê. Èñïîëüçîâàíèå æå äèàãðàììíîãî ìåòîäà äåëàåò ïðî-
ñòûì è íàãëßäíûì êà÷åñòâåííîå ïîíèìàíèå õàðàêòåðà äèíàìèêè äàííûõ ñèñòåì.
Îäíîâðåìåííî õàðàêòåð êðèòè÷åñêèõ òî÷åê ïîçâîëßåò ñäåëàòü çàêëþ÷åíèå îá
óñòîé÷èâîñòè êîíôèãóðàöèè â ýòèõ òî÷êàõ. Óñòîé÷èâûì ñîñòîßíèßì ñîîòâåòñòâó-
þò òî÷êè ìèíèìóìà, à íå óñòîé÷èâûì òî÷êè ìàêñèìóìà èëè ñåäëîâûå òî÷êè.
Ðåàëèçàöèß íàìå÷åííîé íàìè ïðîãðàììû òðåáóåò àíàëèòè÷åñêîãî ïðåäñòàâëå-
íèß E äëß ïîèñêà è èññëåäîâàíèß êðèòè÷åñêèõ òî÷åê êîíôèãóðàöèé. Ýòà çàäà÷à
ðåøàåòñß íà îñíîâå ðàçðàáîòàííîãî â ðàáîòå [6] ìåòîäà àíàëèòè÷åñêîãî âû÷èñëå-
íèß âíóòðåííåãî ãðàâèòàöèîííîãî ïîòåíöèàëà Φ âîçìóùåííûõ ýëëèïñîèäàëüíûõ
êîíôèãóðàöèé, ðåàëèçîâàííîãî â âèäå ïàêåòà ñèìâîëüíî-÷èñëåííûõ ïðîãðàìì â
ñèñòåìå MAPLE [7, 8].
Íåîáõîäèìî îòìåòèòü íåñîìíåííîå ïðåèìóùåñòâî ýíåðãåòè÷åñêîãî ïîäõîäà, òàê
êàê ïðè ýòîì âîçìîæíî ñèñòåìàòè÷åñêîå èñïîëüçîâàíèå ïîëèíîìîâ íàèëó÷øåãî
ïðèáëèæåíèß â L2, ïî ñðàâíåíèþ ñ ðåøåíèåì äèôôåðåíöèàëüíûõ óðàâíåíèé ãèä-
ðîñòàòè÷åñêîãî ðàâíîâåñèß [9].
1. Ýêñòðåìóì ýíåðãèè  óñëîâèå ðàâíîâåñèß êîíôèãóðàöèé
Äëß ïðîèçâîëüíîé âðàùàþùåéñß íàìàãíè÷åííîé êîíôèãóðàöèè åå ïîëíàß ýåð-
ãèß èìååò âèä:
E   T U Uin Em. 1
Â (1) T   1~2 R ρv2d3x - êèíåòè÷åñêàß åíåðãèß, ρ - ïëîòíîñòü, Ð v    Ð ω Ð x , Ð ω
- óãëîâàß ñêîðîñòü âðàùåíèß êîíôèãóðàöèè Ð x - ðàäèóñ âåêòîð.
Âåëè÷èíó ìîìåíòà èíåðöèè êîíôèãóðàöèè îòíîñèòåëüíî îñè âðàùåíèß ìîæíî
çàïèñàòü òàê:
J   S ρÐ x 2Ùd3x, Ð x 2Ù  Ð x 2  Ð ω  Ð x 2ω2 .
Òîãäà T   Jω2~2, à ìîìåíò èìïóëüñà êîíôèãóðàöèè M   ωJ . Ñîîòâåòñòâåí-
íî T   M2~2J, ìàññà êîíôèãóðàöèè m   R ρd3x, ïîòåíöèàëüíàß ýíåðãèß U  1~2 R ρΦd3x, âíóòðåííß ýíåðãèß Uin   R uρd3x (u - âíóòðåííßß ýíåðãèß íà åäèíè-
öó ìàññû).
Äëß ïîëèòðîïû èíäåêñà n: u   nKρ1~n è Uin   nK R ρ11~nd3x   n R Pd3x (P -
äàâëåíèå).
Èç äàííîãî ñîîòíîøåíèß ñëåäóåò, ÷òî ïðè ρ   ρ0   const, Uin   0 ôîðìóëà äëøß
ìàãíèíîé ýíåðãèè èìååò ñòàíäàðòíûé âèä: Em   1~8pi R B2ind3x.
Èç óñëîâèß ýêñòðåìóìà E ñëåäóåò ðàâåíñòâî íóëþ ëàãðàíæåâîé âàðèàöèè E:
δE   0. 2
Ïîêàæåì, ÷òî (2) ýêâèâàëåíòíî óðàâíåíèþ ãèäðîñòàòè÷åñêîãî ðàâíîâåñèß ïðè
óñëîâèè ïîñòîßíñòâà ìàññû m  m0 è ìîìåíòà èìïóëüñà M  M0. Äîêàçàòåëüñòâî
áóäåì ïðîâîäèòü ñëåäóß [3], ãäå îíî ïðèâîäèòñß ëèøü ïðè M   0, Bin   0.
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Ñóùåñòâåííûì ìîìåíòîì íàøåãî äîêàçàòåëüñòâà ßâëßåòñß èñïîëüçîâàíèå îïå-
ðàòîðíîãî ñîîòíîøåíèß ìåæäó ëàãðàíæåâîé Q è ýéëåðîâîé δ âàðèàöèßìè:
Q   δ  Ð ξ  Ð ©, 3
ãäå Ð ξ  Ð ξ Ð x , t - ëàãðàíæåâî ñìåùåíèå.
Ðàññìîòðèì èíòåãðàë:
I   S
V
QÐ x , td3x. 4
Â [3] ïîêàçàíî:
δI   S
V
QQ QÐ ©  Ð ξ d3x. 5
Èç δm   0 è (5) èìååì:
Qρ   ρÐ ©  Ð ξ  6
è
δS
V
Qρd3x   S
V
QQρd3x. 7
Èç (7) è ïîñòîßíñòâà M  M0 ñ ó÷åòîì (3) íàõîäèì:
δT   M20
2J2
δJ   M20
2J2 S ρÐ ©  Ð x 2ÙÐ ξ d3x. 8
Äëß δU è δUin ïîëó÷àåòñß òî÷íî òàêîé æå ðåçóëüòàò, ÷òî è â [3]:
δU   S ρÐ ©ΦÐ ξ d3x; δUin   S Ð ©P  Ð ξ d3x. 9
Ýéëåðîâà âàðèàöèß ìàãíèòíîé ýíåðãèè ñ èñïîëüçîâàíèåì (7) äàåò:
δEm   1~8piS ρQ B2in
ρ
d3x 10
Èç (3) ïîëó÷àåì:
QB2in
ρ
   δ B2in
ρ
  Ð © B2in
ρ
  Ð ξ . 11
Ðàäè ïðîñòîòû ðàññìîòðèì òîëüêî òå íàìàãíè÷åííûå êîíôèãóðàöèè, ó êîòîðûõ
ïåðâûé ÷ëåí â (11) ìàë ïî ñðàâíåíèþ ñî âòîðûì. Òîãäà:
δEm  1~8piS ρÐ © B2in
ρ
  Ð ξ d3x. 12
Êàê áóäåò âèäíî èç äàëüíåéøåãî, òîëüêî âûïîëíåíèå (12) ñîãëàñóåòñß ñ óñëî-
âèåì ãèäðîñòàòè÷åñêîãî ðàâíîâåñèß íàìàãíè÷åííîé êîíôèãóðàöèè.
Ïîäñòàâëßß (8), (9), (12) â (2), íàõîäèì:
S Ð © Φ  M202J Ð x 2Ù  18pi B2inρ  Ð ©P	  Ð ξ d3x   0. 13
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Èç (13) ñëåäóåò óðàâíåíèå ãèäðîñòàòè÷åñêîãî ðàâíîâåñèß ðàâíîâåñíî âðàùàþ-
ùåéñß íàìàãíè÷åííîé êîíôèãóðàöèè:
Ð ©P  ρÐ © Φ  ω2
2
Ð x 2Ù 
1
8pi
B2in
ρ
   0. 14
Â (14) ìû ó÷ëè M20 ~2J   ω2. Â ñëó÷àå P   P ρ èç (14) èìååì èíòåãðàë ýòîãî
óðàâíåíèß:
Φ 
ρ
S
0
dP ρ
ρ
 ω
2
2
Ð x 2Ù 
1
8pi
B2in
ρ
  const. 15
Çàêëþ÷åíèå
Â ðåçóëüòàòå íàìè äîêàçàíà ýêâèâàëåíòíîñòü ïðèíöèïà ýêñòðåìóìà ïîëíîé
ýíåðãèè E ðàâíîâåñíî âðàùàþùåéñß íàìàãíè÷åííîé êîíôèãóðàöèè ïðè ïîñòîßí-
ñòâå ìàññû è ìîìåíòà èìïóëüñà è èíòåãðàëüíîãî óðàâíåíèß (15).
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